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Chapter 4. Effective birationality

Jingjun Han and Chen Jiang

1. Introduction

In this chapter, we consider the effective birationality of anti-pluri-canonical
systems of e-lc Fano varieties, i.e. [1, Theorem 1.2]. Instead of proving [1, The-
orem 1.2], we will prove two special cases of [1, Theorem 1.2] under additional
assumptions, which are crucial for the proof of other main theorems. The main
results are Propositions 4.2 and 5.1. All contents in this chapter are based on [1,
Section 4].

We briefly explain the strategy of showing the effective birationality. Given an
e-1c Fano variety X of dimension d, consider m € N to be the smallest number such
that | — mKx| defines a birational map. The goal is to show that m is bounded
from above. One important idea is that, in order to show that m is bounded from
above, we first show that 7 is bounded from above, where n € N is the smallest
number such that vol(—nKx) > (2d)%.

Once 7 is bounded from above, then vol(—mKx ) is bounded from above. Since
| —mK x| defines a birational map, this implies that X is birationally bounded, and
we can then construct a nice log bounded family P, see Lemma 3.3. Now we can
work on the log bounded family P. From the assumption that X is e-Ic, we can
construct a sub-e-lc pair (W, Ay;7) whose support is in P. On the other hand, under
some additional assumptions, we may construct an effective Q-divisor L such that
(W, Ay + L) is not sub-klt. By comparing the singularities of these two pairs, we
know that numerically L cannot be too small, see Proposition 2.1. On the other
hand, by the construction of L, we know that L can be arbitrarily small as long as
m is unbounded, which shows the boundedness of m.

Then it remains to show that “* is bounded from above. The idea is to construct
isolated non-klt centers by —nK x, that is, for a general point x € X, we need to
construct an effective Q-divisor A ~g —knKx where k is independent of X, so
that (X, A) has an isolated non-klt center at . Once this is done, then by using
vanishing theorem, it is easy to see that | —2knK x| defines a birational map and we
can then conclude that % < 2k. From the definition of n, it is easy to construct an
effective Q-divisor A ~g —nKx, so that (X, A) has a non-klt center G containing
x. The problem here is that the dimension of G could be positive. If vol(—mKx|q)
is bounded from below, then it is easy to construct a new non-klt center with
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dimension strictly smaller than G by standard methods, and after finitely many
steps, we get isolated non-klt centers.!! So finally we need to consider the case that
vol(—mK x|¢) is not bounded from below, which in fact implies that vol(—mKx|¢)
is bounded from above. Along with the fact that | — mKx|¢| defines a birational
map on G as x is general, such G is log birationally bounded, and we can then
construct a nice log bounded family P by applying Lemma 3.1. Similarly to the
proof of boundedness of m, we can work on the log bounded family ?’. From the
assumption that X is e-lc, we can construct a sub-e-lc pair (F, A%) whose support

isin 7’. On the other hand, under some additional assumptions, we may construct
an effective Q-divisor L’ such that (F, A&+ L') is not sub-klt. Here note that we
work on F, which is a birational model of G. In order to consider the singularities
of I, we need to consider the singularities of G' which is induced from that of X.
This requires a nice adjunction theory, which is highly non-trivial, see [1, Section
3] or Chapter 9. By comparing the singularities of these two pairs, we know that
numerically L’ cannot be too small, see Proposition 2.1. On the other hand, by
the construction of L', we know that L’ can be arbitrarily small as long as ™ is
unbounded, which shows the boundedness of “*.

2. Singularities in bounded families

PrOPOSITION 2.1. Let € € Ry and let P be a bounded set of couples. Then
there is A € R depending only on €, P satisfying the following. Let (X, B) be a
projective sub-pair and let 7" be a reduced divisor on X. Assume

e (X, B) is sub-e-lc and (X, Supp(B>° +1T)) € P;

e L is an effective R-Cartier R-divisor on X;

e L ~g L for some R-divisor L on X; ~
Supp(L>Y) C T, and the coefficients of L are at most .
Then (X, B + L) is sub-klt.

REMARK 2.2. Proposition 2.1 here is slightly more generalized than [1, Propo-
sition 4.2]. The difference is that we do not assume that B is effective. This turns
out to be very useful in applications.

PROOF OF PROPOSITION 2.1. Since P is a bounded set of couples, we can find
a log resolution ¢ : W — X of (X, Supp(B~° + T)) and write

Kw + Bw = ¢"(Kx + B) + E,

such that (W, Supp(Bw +Tw)) belongs to a bounded set of couples depending only
on P, where By > 0 and E > 0 have no common components, and Ty is the sum
of the birational transform of T and all ¢-exceptional divisors. Now (W, By) is
e-lc. Let Ly = ¢*L, and Ly = qb*i. Then there is an integer m > 0 depending
only on P so that the coeflicients of iﬁ,o is at most mA. It suffices to prove that
(W, Bw + Lw) is klt. By the boundedness there exists a very ample divisor Hy

L-1This method is also used to show the effective birationality of pluricanonical systems on
algebraic varieties of general type, see [2], [5], [6], [4]. The difference is that for varieties of general
type, the center G is again of general type since x is general, and one may apply induction on
G to conclude that vol(mKx|q) is indeed bounded from below. In our case, this induction step
fails, so we need further discussions.
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on W such that, Ty - H{,iv_ ! < M for some number M > 0 depending only on P.
Let A = 57, then for any point w € W, we have

multy, Ly < Lw - Hig™h = L - Higt <mATw - Hiy ' <e.

By Exercise 6.2, (W, By + Lw) is klt. O

3. Construction of bounded families

LEMMA 3.1. Let d € N and vy,vy € Rsg. Let P be aset of (Y, C, D) satisfying
the following:

e Y is a normal projective variety of dimension d, C is a (possibly zero)
reduced integral divisor on Y, and D is an effective nef R-Cartier R-divisor
onY;

e there exists a log resolution ¢ : Z — Y and a base point free divisor Hz
on Z such that |Hyz| defines a birational map and ¢*D > Hy;

e write ¥z to be the support of ¢*(C' + D) and all ¢-exceptional divisors,
then

vol(Kz + X7 +2(2d+ 1)Hz) < vy

e vol(D) < vy.

Then P is log birationally bounded. More precisely, there exists a log bounded
family P of couples such that for each (Y, C, D) € P, there exists a couple (Z, ) €
P satisfying the following:

e Y is birational to Z, (Z, ¥~) is log smooth, where we may take a higher
model of Z such that the induced map v : Z --» Z is a morphism;

e > consists of the support of the strict transform of C' + D and divisors
exceptional over Y;

e the coefficients of ¥, ¢* D are bounded from above by a number depending
only on d, v1, and vs.

PRrROOF. This is just [3, Lemmas 3.2 and 2.4.2(4)]. To be more precise, consider
the birational morphism Z — Z defined by |Hz|, then (Z, ¥ ;) is log bounded,
where Y~ is the pushforward of ¥z. Taking a log resolution of (Z ,X5), we get
a log smooth couple (Z,X5) which is still in a log bounded family, say P, where
Y is the sum of the strict transform of ¥; and all exceptional divisors over Z, in
other words, ¥ consists of the support of strict transform of C' 4 D and divisors
exceptional over Y. We may take a higher model of Z such that the induced map
W : Z --» Z is a morphism. By the boundedness, there exists a very ample divisor
H on Z and a number b depending only on P such that by, H; — H- is big.
Recall that ¥*¢.Hz = Hz by the construction. Now the coefficients of ,¢* D are
bounded by the following intersection number:

' D - H%_l — "D zb*H%_l
< vol(¢*D + 9" H)
<vol(¢*D + bHyz)
<vol((1+b)¢p*D)
< (1+b)%s,.
Here the first inequality holds since both D and H; are nef. [
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NOTATION 3.2. Let X be a kit Fano variety and m € N such that | — mKx|
defines a birational map. Then we may take a resolution ¢ : W — X such that
¢*(—mKx) ~ Aw + Rw where Ay is base point free and Ry is the fized part
of p*(—mKx). We may pick an Ay general in its linear system. Denote A, :=
O« Aw + ¢ Rw ~ —mKx. Here we remark that Ry is in general a Q-divisor, but
o« Ry is an integral Weil divisor.

LEMMA 3.3. Let d € N and ¢,v € R-(. Let P be a set of varieties such that
for each X € P, the following hold:

e X is an e-lc Fano variety of dimension d;

e n>1,and 7' < v where we denote by m € N the smallest number such
that | — mK x| defines a birational map, and n € N the smallest number
such that vol(—nKx) > (2d)%.

Then there exists a log bounded family P of couples such that for each X € P,
there exists a couple (W, Xy7) € P satisfying the following:

e X is birational to W, (W, Y47) is log smooth, where we may take a higher
model of W such that the induced map ¢ : W --» W is a morphism,
where ¢ : W — X satisfies the assumptions in Notation 3.2;

e Yy consists of the support of the strict transform of A,, and divisors
exceptional over X where A,, is defined in Notation 3.2;

e the coefficients of ¥, ¢*A,, are bounded from above by a number depend-
ing only on d, €, and v.

PROOF. By the assumption, | —mK x| defines a birational map. Take ¢ : W —
X, Aw, Rw, A,, as in Notation 3.2. By the minimality of n, vol(—(n — 1)Kx) <
(2d)?. Hence
m \d
vol(—mKx) = (71) vol(—(n — 1)K x)

IN

2m\ 4
(7) vol(—(n — 1)K x)
< (4vd)?.
Write Xy to be the support of Ay + Ry and all ¢-exceptional divisors, then
vol(Kw + Xw +2(2d + 1) Aw)

<vol(Kx + ¢« Zw +2(2d + 1) Aw)

<vol(Kx + ¢«(Aw + Rw) + 2(2d + 1) Aw)

<(4d + 3)?vol(¢. Ry + ¢ Aw)

=(4d + 3)*vol(—mKx)

<(4vd(4d + 3))°.
Now we may apply Lemma 3.1 to (Y,C,D,Z, Hz) = (X,0,A,,, W, Ay) to finish
the proof. |

4. Effective birationality for Fano varieties with good Q-complements

PROPOSITION 4.1. ([1, Proposition 4.8]) Let d € N and €, € Rsg. Then there
exists a number v depending only on d, €, and ¢ satisfying the following. Assume

e X is an e-lc Fano variety of dimension d;
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e m € N is the smallest number such that | — mK x| defines a birational
map;

e n € N is a number such that vol(—nKx) > (2d)¢; and

e nKx + N ~g 0 for some Q-divisor N with coefficients > 4.

Then 2 < v.

n

ProOOF. Step 1. Construct a family of non-klt centers with bounded volumes.

By [1, 2.31(2)] (see Section 1 of Chapter 9), since vol(—nKx) > (2d)¢, there is a
bounded family of subvarieties of X such that for two general points x,y in X, there
is a member G of the family and an effective Q-divisor A ~g —(n+1)K x such that
(X, A) is lc near z with a unique non-klt place whose center contains z, that center
is G, and (X, A) is not klt at y. Recall that this family is given by finitely many
morphisms V7 — T7 of projective varieties with surjective morphisms V7 — X and
G is a general fiber of one of VI — TY. Denote k := max{dim V7 — dim77}. We
do induction on k.

If £ =0, that is, dim G = 0 for all general G, then —(n 4+ 2)Kx is potentially
birational, hence |Kx — (n + 2)K x| defines a birational map by [3, Lemma 2.3.4].
By the minimality of m, m <n + 1 < 2n, which implies that 7+ < 2.

Now assume that & > 0. Define [ € N to be the smallest number such that
vol(—IK x|g) > d? for all general G with dim G > 0. Then there exists j such that
if G is a general fiber of VJ — TJ, then dim G > 0 and vol(—(I — 1)Kx|g) < d?.
Now since vol(—IKx|¢) > d?, by [1, 2.31(2)], after replacing n by n + (d — 1)I, we
may construct a new bounded family of subvarieties of X corresponding to non-klt
centers of (X, A" ~g —(n+ (d — 1)l + 1)K x) while k is strictly decreased. Hence
by the induction, there exists a number v’ depending only on d, €, and § such that

e < v 1fm > 20'(d - 1)1, then

2m < 2v'(n+ (d— 1)l +1) < 2v'n+m + 20/
which implies that m < 4v'n and we are done.
Hence from now on, we may assume that m < 2v'(d — 1)l. If | = 1, then

m < 20'(d—1) < 20'(d — 1)n and again we are done. Hence we may assume that
I > 1 and therefore m < 4v’d(l — 1). In this case, we have

vol(—mKx|g) < (4v'd)* vol(—(1 — 1)K x|g) < (4v'd)*d?

if G is a general fiber of VI — TY.

In summary, we constructed a family V7 — TJ of projective varieties with a
surjective morphism V7 — X such that if G is a general fiber of V7 — TJ, then
dim G = k > 0, there exists an effective Q-divisor A ~g —(n + 1)Ky and there is
a unique non-klt place of (X, A) whose center is G, and vol(—mKx|g) < vy for a
number vy depending only on d, €, and §.

Step 2. Construct a bounded family.

Take F' to be the normalization of G. By [1, Theorem 3.10] (see Theorem 2.4
of Chapter 9) and ACC for LCT [4, Theorem 1.1], there is an effective Q-divisor
O with coefficients in a DCC set ® depending only on d such that we may write

(Kx+A)|F:KF+AF:KF+®F+PF

where Pp is pseudo-effective. Pick a general ample divisor H ~g —nKx with
sufficiently small coefficients, after replacing n by 2n, A by A + H’, and Pr by
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Pr + H'|p, we may assume that Pp is effective and big. Since G is general, by [1,
Lemma 3.12] (see Theorem 2.5 of Chapter 9), we may write Kx|r = Kr + A for
some sub-boundary Ag such that (F,Ap) is sub-e-lc and Ap < Op < Ap.

By the assumption, | — mK x| defines a birational map. Take ¢ : W — X, Ay,
Rw, A, as in Notation 3.2. Take a log resolution f : F' — F of (F, Ar) such that
the induced map F’ --» W (which is well-defined since G is general) is a morphism.
Denote Ap: := Aw |p which is base point free and defines a birational map on F’.
Denote Mp := Am|p Note that f*MF = (AW + Rw)‘p/ > Apr.

Take X g/ to be sum of the strict transforms of Mg, Supp O, and f-exceptional
divisors. Fix a rational number €' € (0, €) such that ¢ < min ®>°. By the definition
of @, Supp(Or) < & [1, Lemma 3.11], Supp(Mr) < Op + M since
A,, is an integral Weil divisor. Recall that by [1, Lemma 2.46] (see Lemma 3.10 of
Chapter 2), Kr/ + (2k + 1)Ap is big. Hence

VOl KFI + ZF/ + 2(2]€ + )AF/)

(
<vol(Kpr 4 Spr 4+ 22k + V) Ap + ¢ (Kpr + (2k + 1) Ap))
<vol(Kp +Sp + 22k + D) Ap + € (Kp + (2k + 1)Ap))
<vol(1+ ¢ )Kr + Supp(Mp) + Supp(©r) + (2 + € )(2k + 1) Ar)
<vol(14 ¢ )Kp+Op+Mp+¢ 'Op+ (24 ) (2k+1)AF)
<vol((1+¢ ) (Kp +Op + Pr) + m(2+ ¢~ 1)(2k + 2)(—Kx|r))
<vol(L+ €™+ (2+€7)(2k + 2)m)(~Kx|r)).

We may always assume that n < m otherwise there is nothing to prove. Hence, by
Step 1, vol(Kp: + X + 2(2d + 1)Apr) < vy for a number v; depending only on d,
€, and 0.

Now we may apply Lemma 3.1 to

(Y7OaDaZ7HZ) = (Fvsuppe)F;MF7F/aAF/)
to construct a log bounded family P of couples such that there exists a couple
(F,X%) € P satisfying the following:

e I is birational to F, (F,X5) is log smooth;

e Y+ consists of the support of M3 + ©# and divisors exceptional over F;

o the coefficients of M7 are bounded from above by a number, say u, de-
pending only on d, €, and §.

Here we may take a higher model of F” such that the induced map g : F' --» F is
a morphism, M+ := g. f*Mp, and O% := g. f"Op.

Step 3. Apply Proposition 2.1.
Write
Kf—‘r A? = g*f*(KF + AF),

Since Ap < Op, Supp(A%O) C X% by the construction. Moreover, the coefficients
of Az is at most 1 — € since (F, Ar) is sub-e-le. Hence, (F, Af) is again sub-e-lc.
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Consider Jp = %N|F and let D be a component of Jr. Then by [1, Lemma
3.11],
puo(Ap +Jr) > pp(OF + Jr) > 1.
In particular, (F, Ap + Jp) is not sub-klt. Note that Kr + Ap + Jp ~g —(1 +
$)nKx|p is nef. Hence (F, Az + g.f*Jp) is not sub-klt by Exercise 6.4. Rewrite
this sub-pair as (F, A% + Az — Ax + ¢..f*Jr). Applying Proposition 2.1 to the
sub-pair (F,A%), L = Af — Az + g..f*Jr and L= (”WH + )My ~q L, there is

F - ms
A € Ry depending only on €, P such that u(”7+1 + ) > A, which implies that
n Ao

PROPOSITION 4.2. ([1, Proposition 4.9]) Let d € N and €, € R>g. Then there
exists a number m € N depending only on d, €, and § satisfying the following.
Assume that X is an e-lc Fano variety of dimension d such that Kx + B ~q 0 for
some Q-divisor B with coefficients > §. Then | — mK x| defines a birational map.

PrOOF. Take m € N the smallest number such that | — mK x| defines a bira-
tional map, and n € N the smallest number such that vol(—nKx) > (2d)?. By the
assumption, the assumptions of Proposition 4.1 are satisfied, hence there exists a
number v depending only on d, ¢, and § such that m/n < v. We may assume that
n > 1, otherwise m < v and there is nothing to prove. Now the assumptions of
Lemma 3.3 are satisfied. Hence there exists a log bounded family P of couples such
that there exists a couple (W, Yg7) € P satisfying the following:

e X is birational to W, (W, ¥3) is log smooth, where we may take a higher
model of W such that the induced map ¢ : W --» W is a morphism,
where ¢ : W — X satisfies the assumptions in Notation 3.2;
e Yy consists of the support of the strict transform of A,, and divisors
exceptional over X where A,, is defined in Notation 3.2;
e the coefficients of 1,¢*A,, are bounded from above by a number, say u,
depending only on d, €, and v.
Write K7+ Ay := ¢,.¢* K x. Note that Supp(Ayr) C Xy by the construction since
Ay is exceptional over X. Since X is e-Ic, the coefficients of Ay are at most 1 —e.
Hence (W, A7) is sub-e-lc.

By the assumption, the coefficients of B is at least 1, hence (X, B) is not klt.
Also note that Kx + %B ~Q —%}‘SK x is ample where without loss of generality
we may assume that § < 1. Hence (W, Ay + %w*¢*B) is not sub-klt by Exercise
6.4. Note that %1/1*¢*B ~Q %w*qﬁ*(Am). Applying Proposition 2.1 to the sub-pair
(W, Aw), L = 24.¢*B and L = L:40,.6*(A,,), there is A € Roo depending only
on €, P such that — > ), which means that m < 5. 0

5. Effective birationality for nearly canonical Fano varieties

PROPOSITION 5.1. ([1, Proposition 4.11]) Let d € N. Then there exist numbers
7 € (0,1) and m € N depending only on d satisfying the following. If X is a 7-lc
Fano variety of dimension d, then | — mK x| defines a birational map.

Proor. Fix T € (%, 1) which is sufficiently close to 1. (We may get the restric-
tion on 7 which depending only on d during the proof and state them in the end).
Take m € N the smallest number such that | — mK x| defines a birational map, and
n € N the smallest number such that vol(—nKy) > (2d)%.
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Step 1. Similar to Proposition 4.1, we show that there exists a number v depending
only on d such that m/n < v.

Step 1.1. Construct a bounded family.

Note that we may apply Steps 1 and 2 of proof of Proposition 4.1 here (take
1

¢ = 5 and ignore 6). We will keep the notation and constructions from there.
Recall that we can construct a family V7 — T7 of projective varieties with a
surjective morphism V7 — X such that if G is a general fiber of V7 — T7, then
dim G = k > 0, there exists an effective Q-divisor A ~g —(n + 1)Ky and there is
a unique non-klt place of (X, A) whose center is G, and vol(—mKx|g) < v for a
number vs depending only on d. Take F' to be the normalization of G. Then we
can construct a log bounded family P of couples such that there exists a couple

(F,%5) € P satisfying the following:
e I is birational to F, (F,X5) is log smooth;
e Y+ consists of the support of M3 + ©# and divisors exceptional over F
o the coefficients of Mz are bounded from above by a number, say u, de-
pending only on d.

Here we may take a higher model of F’ such that the induced map ¢ : F’ --» F is
a morphism, M+ := g, f*Mp, and O := g. f*Op.

Recall that by the construction, (F,Ar) is sub-7-lc. Recall that by the con-
struction, Ap < Op < Ap and the coefficients of O belong to a DCC set ®
depending only on d. Denote min ®>% = b. We may assume that 7 > 1 — % and fix

r_1_%
T=1-3.

Step 1.2. Reduce to the case that (F,Ap) is 7/-lc and Ap < ©p =0.

To the contrary, if (F, Ag) is not 7'-lc, then (F, Ap + ¢(Ar — Ap)) is not lc for
c= TZ/T, < 277/ by the discrepancy computation. Since Kp+ Ap +c(Ap —Ap) ~qg
—(n+c(n+1))Kx|r is nef, (F,A + c¢(As — Ay)) is not kit by Exercise 6.4
where Az is defined by Kz + Ay = g.f*(Kp + Ar). Rewrite this sub-pair as
(F,A+ + (1 + ¢)(As — A%)). Recall that (F,A%) is a sub-7-lc (which is also
sub—%—lc) pair with Supp(A%O) C Y%. Hence we may apply Proposition 2.1 to
L=(1+¢c)(As—Ap) and L = %Mf ~q L, there is A € Ry depending
only on P such that u% > A, which implies that 7 < M which is a
number depending only on d. Hence in this case we can complete Step 1. So we
may assume that (F,Ap = Op + Pg) is 7/-lc for any choice of Pr > 0 from now
on.

Note that by the construction, Ap < ©p < Ap and the coefficients of ©p
belong to a DCC set ® depending only on d. On the other hand, the coefficients of
Ap are at most 1 —7’. Then the coefficients of O are at most 1—7’ < b = min &0,
which implies that Ap < O = 0.

Step 1.3. Reduce to the case that K is pseudo-effective with r(K%) = 0.

Assume that K7 is not pseudo-effective, by the boundedness of P and [1,
Lemma 2.35] (see Lemma 4.8 of Chapter 2), there exists a number X depending
only on P such that Kz + XY is not pseudo-effective. By the construction,

1
Kf+ Af#‘ EMF ~Q 0.
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In particular, Kz + A%O + iMf is pseudo-effective. Note that the support of

m

A%O + %Mf is contained in ¥4 by the construction and its coefficients are at most
1 -7+ % Hence 1 —7+ £ > X. We may assume that 7 > 1 — %/, which implies
that m < %\—1} and we are done in this case.

Hence we may assume that K4 is pseudo-effective from now on.

Assume that £, (K%) > 0. Recall that by the construction, we have vol(—mKx|r) <
vy. By the boundedness of P and [1, Lemma 2.40] (see Lemma 4.9 of Chapter 2),
there is a number p (dependent only on vy) such that vol(pKz + g Ap:) > 2%v,
which is equivalent to vol(pKp: + Aps) > 2%y, since F is smooth. On the other
hand,

vol (%KF/ + AF/) <ol (%KF - mKX|F>
< vol (%(Kp +Ap)— mKX\F)

= vol (™ (~nFx|p) ~ mEx|r)

=vol(—2mKx|r) < 2%,

Hence 7* < p in this case and we complete Step 1.

Hence we may assume that x,(K%) = 0 from now on.
Step 1.4 Reduce to Proposition 4.1.

Since k,(K%) = 0, by [1, Lemma 2.37] (see Lemma 4.7 of Chapter 2), there
is 7 € N depending only on P such that h?(rKz) # 0. Then h°(rKp) # 0 and
rKp ~ Tp for some integral divisor Tr > 0.

Suppose that Tr # 0, then (F, (1 + r)Ap + Tr) is not klt. Since Kp + (1 +
r)Ap +Tr ~Q (1+7)(Kr+ Ap) ~Q —(1+7r)nKx|F is nef, (F,Af+ Af* Aer
g« [*(rAp + Tr)) is not sub-klt by Exercise 6.4. Recall that (F,Az) is a sub-7-
le (which is also sub—%—lc) sub-pair with Supp(A%O) C Y. Hence we may apply
Proposition 2.1 to L = Az — A + g f*(rAp + Tp) and L = "LV g I
there is A € R+ depending only on P such that W > A, which implies that
< @ Hence in this case we complete Step 1.

Suppose that Tp = 0, then

ho(—TKx‘F) = ho(—T(KF + AF)) = ho(—TAF) > 0,

since Ay < 0 by Step 1.2. By Step 1.2 and [1, Proposition 3.15] (see Section 3 of
Chapter 9), after replacing  with a multiple depending only on P, h®(—rnKx) # 0.
Hence nKx 4+ N ~g 0 for some Q-divisor N with coefficients at least 2. Now we

can apply Proposition 4.1 to show that 7 < v for a number v depending only on
d.

Step 2. Similar to Proposition 4.2, we show that m is bounded from above by a
number depending only on d.

By Step 1, m/n < v. We may assume that n > 1, otherwise m < v and
there is nothing to prove. Now the assumptions of Lemma 3.3 are satisfied. Hence
there exists a log bounded family P of couples such that there exists a couple
(W, %) € P satisfying the following;:
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e X is birational to W, (W, Xy) is log smooth, where we may take a higher
model of W such that the induced map ¢ : W --» W is a morphism,
where ¢ : W — X satisfies the assumptions in Notation 3.2;
e Yy consists of the support of the strict transform of A,, and divisors
exceptional over X where A,, is defined in Notation 3.2;
e the coefficients of 1,¢*A,, are bounded from above by a number, say u’,
depending only on d, €, and v.
Note that K7 is not pseudo-effective as X is Fano, by the boundedness of P and 1,
Lemma 2.35] (see Lemma 4.8 of Chapter 2), there exists a number A’ depending
only on P’ such that Ky + X'y is not pseudo-effective. Write Ky + Ay =
), ¢* Kx. Note that Supp(Ay7) C Xy by the construction since Ay is exceptional
over X. Since X is 7-lc, the coefficients of Ay are at most 1—7. By the construction,

Ky + Ay 4 e By g 16” (Kx + =) ~q 0.
which implies that K + A>W0 + %¢*¢*Am is pseudo-effective. Note that A>W0 +
%ﬂMﬁ*Am is supported on ¥ with coefficients at most 1—7—1—%, hence 1_7—"_% >
A’. We may assume that 7 > 1— ’\7”, which implies that m < 2)\?,1
Finally, we summarize the restrictions on 7. We need 7 > 1 — i min ®>° in Step

1.1, 7>1- ’\7/ in Step 1.3, 7 > 1— )‘7” in Step 2. All these restrictions depend only
on d. a

and we are done.

6. Exercises

EXERCISE 6.1. Let X be a projective variety of dimension d, H a very ample
divisor, and L an effective R-divisor. Then mult,L < L-H*! for any point x € X.

EXERCISE 6.2. Let X be a smooth variety, B an effective R-divisor with simple
normal crossing support, and L an effective R-divisor. Fix ¢ > 0. Suppose that
(X, B) is e-lc (or equivalently, the coefficients of B are at most 1—¢) and mult, L < €
for any point x € X. Then (X, B+ L) is kit.

EXERCISE 6.3. Let ¢ : W --» Y be a birational contraction between normal
projective varieties. Let D be an R-divisor on W. Show that vol(D) < vol(¢.D).
In particular, if D is big, so is ¢4 D.

EXERCISE 6.4. Let X and Y be two birational equivalent normal projective
varieties. Take a common resolution ¢ : W — X and ¢ : W — Y. Assume that
(X,A) is a sub-pair such that (X,A) is not sub-klt and Kx + A is nef. Assume
that Ky + Ay := 0,.¢*(Kx + A) is R-Cartier. Show that (Y, Ay) is not sub-kit.

References

1. Caucher Birkar, Anti-pluricanonical systems on fano varieties, 123 (2016).

2. Christopher D. Hacon and James McKernan, Boundedness of pluricanonical maps of varieties
of general type, Invent. Math. 166 (2006), no. 1, 1-25. MR 2242631

3. Christopher D. Hacon, James McKernan, and Chenyang Xu, On the birational automorphisms
of varieties of general type, Ann. of Math. (2) 177 (2013), no. 3, 1077-1111. MR 3034294

, ACC for log canonical thresholds, Ann. of Math. (2) 180 (2014), no. 2, 523-571.
MR 3224718

5. Shigeharu Takayama, Pluricanonical systems on algebraic varieties of general type, Invent.
Math. 165 (2006), no. 3, 551-587. MR 2242627




CHAPTER 4. EFFECTIVE BIRATIONALITY 11

6. Hajime Tsuji, Pluricanonical systems of projective varieties of general type. I, Osaka J. Math.
43 (2006), no. 4, 967-995. MR 2303558

DEPARTMENT OF MATHEMATICS, JOHNS HOPKINS UNIVERSITY, 3400 N. CHARLES STREET,
BArTiMORE, MD 21218, USA
E-mail address: jhan@math.jhu.edu

SHANGHAI CENTER FOR MATHEMATICAL SCIENCES, FUDAN UNIVERSITY, JIANGWAN CAMPUS,
SHANGHAI 200438, P. R. CHINA
E-mail address: chenjiang@fudan.edu.cn



